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P. Nilson and J. Peetre have recently obtained an explicit expression for
the interpolation K-functional between the spaces L” and L%, 1<p, g < w0
(see [NP]). In this same paper they also ask for the corresponding exten-
sion of their theorem to the case of Orlicz spaces. The present article offers
an approach to this situation for a modified K-functional, equivalent to the
customary interpolation K-functional. The method we use is an optimiza-
tion method based on clementary differential calculus.

Hereafter M will denote an Orlicz convex function on [0, o) (ie., 2
continuous convex increasing function satisfying M(0)=0, M(1)=1, and
M(x)—> cc as x— o0). We also suppose M has continuous derivative and
satisfies the A,-condition (i.e., there exists K >0 so that M(2¢) < KM(:¢) for
all 7>0). As usual, the Orlicz space L™ =L"[0, oo) is the space of all
(equivalence classes of) measurable functions / on [0, o) such that

[ (L) e

for some p>0. The norm in L™ is defined by |f|. =inf{p>0;
[ MUIf1/p) dx <1},

LY is a rearrangement invariant function space (see [LT]) and the
integrable simple functions are dense in L*. In order to ensure the validity
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12 BASTERO AND RAYNAUD

of our theorems we will suppose the following assumption is satisfied by
the function M:

M'(x)

;- is a strictly increasing function verifying

lim M E’”:o and lim M (x)

x>0 xP ! X = 0 x”“

= 0 (I<p<w). (*),

Obviously, condition (*), implies
(i) IffeLl™ and |f]>1, then fe L?, and
(ii) If felL? and |f| <1, then fe L™

We will consider the space L? + L™. For fe L7 + L™ and 0 <t< 0 we
define the K, ,,-functional by

K, m(t; )=inf{p>0; D, \,(1; flp) <1},

where
@, s ) = int (Mgl | (e 1)

and where the inf is extended over all decompositions /=g + h of f with
geL? and he L™ 1f M(x)=x9 p<q< oo, we have

K, (f)= f:igih (lglig+ 17 1l gy

gell he Ll

(compare this expression with the one appearing in [HP]).
In any case, the K, ,,-functional, as a function of f, is a rearrangement
invariant norm on L? + L™, equivalent to the usual K-functional given by

K(1; f)= fj{glih (gl + 2 1Al p)-

gell he LM

In this paper we obtain an explicit expression for the K, ,-functional
when the function M satisfies the natural conditions stated earlier. Our
results for the case M(x)=x9 g>p, should be compared to those in
[NP].

The case p =1 is somewhat singular and the expression for X, ,, that we
obtain is not a particular case of the one we obtain for K, ,, when p>1
and so we will divide the discussion into two cases.

We refer the reader to [BL, P] for background on interpolation between
L7 (and Ofrlicz) spaces.
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INTERPOLATION BETWEEN L'Anp LY

We suppose that M satisfies (). The result we get in this situation is
the following

TueoreM 1. Let f be a non-zero function belonging to L' + L™ and let
[* be its left-continuous non-increasing rearrangement. If

x,= max {xe [0, 00); M’ ( [C @ == ds>< zM'(rf*(x))}
0
and A, is the unique solution of the J-equation

M ( TR dx) — 1M (1)

Y

then

ij,

Dty ([ (5= gy i s, b+ [ o)

The formula we have just stated has a nicer expression when M(x}= x7,
g>1. In fact

COROLLARY 1. IffeL'+ L% g>1,

Kl’q(t;f)=<m+ quw f:,gq>1/q,

(xp+ 27y ! X

where

X,=max {xe [0, 0); f:f* <fF(x)x+ ,fq’)}

and 1/g+1/qg'=1.
Proof of Corollary 1. 1t is clear that

X;=max {x e [0, ©); jox f*—xf*(x)< ﬂ?’f*(x)}

= max {xe [0, o0); L: FEFHO)(x + fq')}

and the A-equation is now [¥/* — 4. x,=17A
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Then

— [

A= ;
4 Xf+tq 0

and besides

X, q o
0, 1) = (77 x| g | e
x*f

(07 q 17 q Xflq . © wa
() [(xf+ 7) T ) J,

Thus K, , has the form stated earlier. |

The proof of Theorem 1 is divided into two steps. First we study the case
where f'is a simple function and then we consider the convergence question.

We begin our study by considering a simpie function s=37_, a,,, with
a, =z ---za,>0, where A/s are pairwise disjoint and m(4;)=m, 1 <i<n.
It is clear that

@, (s 5) =inf (M(lgll)+ [ Mlt(s—g)) d),

where g belongs to the class of all measurable functions such that 0 < g <.
If # is the g-algebra generated by the sets A5, 1<i<n, and EZ is the
conditional expectation operator with respect to 4, it is known that
IE®gll, <l gl.. Besides, Jensen’s inequality shows that

[ MuE*(s—9)) dxéro M{(t(s— g)) dx.
0 [\]
Hence

Dulis) = inl M (mY 5} + ¥ mb(sta,~ )
A

By continuity there exists a point = (7,---7,)€ 1y <i<n. [0, ;] so that
Dy (s )= M(m 27 y)+ 2] mM(t(a; — 7).

Lemma L. The point § may be chosen in such a way that

(@) There exist k, 1 <k<n, such that 0<j,<a,if 1<i<k and ,=0
otherwise.
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(b) The equation M'(mY* (a,— 1)) =tM'(t1) has only one solution
A, €(0, ) and besides p;,=a;,— A, for 1 <i<k.

(¢) k=max{j M'(mY¥]{(a;—a))<tM'(ta;)}.

Progf. let  be the function defined on [],<ic, [0, a] by
(Y ya)=MmE yi)+m 2 M(ta;— y)).

Since 1<i<j<n implies a;>a;, the function A{x)=M(ta,—1x)—
M(ta;— tx) is non-increasing for 0 <x <aq;, then

! ) 7
W (P15 s Oy ooy Vo ooos ) ZU (P15 s Py oon Oy oty V)

and SO We may suppose y, 4= - =y, = Oi)for some k. On the other hand,
{Oy/0y (0", .., 0)<0 and (BY/0y)(¥1s . 4 5w ¥,)>0, then y,>0 and
;< a,. This completes the proof of part (a).

As a consequence of (a), the point (7, .., J,) is the minimum of the
function ¥(py, ..., ¥4, 0, ..., 0). Thus

oy _
a—‘p (Fis o s 0,y 0) =0
Vi

for all 1 <i< k. It implies that
k
M’ (mZy',-)=tM’(t(ai—y1)), 1<i<k,
1

and then we have a,~j,= - =a, — y, =4, >0, where 1, verifies

k
M’ (m Y (a,— zk)) = tM'( 1),

This concludes part (b).
Let o = {j; M'(mY] (a,—a;)) <tM'(a;1)}. It is easy to see that 1 and

k belong to &7, and if je.of then j— 1€ .o/ (here we use that M’ is strictly
increasing). For each je.«/, let J; be the corresponding solution of the
equation

J

M’ (m Y (a;,— /1)) =tM'(Ar)

1
(this solution necessarily belongs to the open interval (0,4,)). Since
377" (a,—a;) =3 (a,— a;) we have

Jj—1

M’ (m Z (a,—~—aj)> <tM'(ta;)

640/60/1-2
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so A;,_;<a; Hence, if je.o/ the function A(x)=¢(a;— A (s a1 —

A4, x, 0.--0) verifies 2'(07)<0 and then j—1#k It shows that

J
k =max of and we get part (c). |

The preceding iemma enables us to prove the theorem for suitable simple
functions. We state this result in the following

ProrostrioN 1. If s=37_, a,1. is a simple function as before,
i=1 XA, p

cbl,m(s)=M( Z(a —xk))+kmM(mk)+ Y mM(ta,),

k+1

where k =max{j; M'(m Y| (a,—a,))<tM’(ta;)} and 1, is the unique solu-
tion of the equation

k
M’ (m Y (a,—~ ,1)) = (M (14).

Proof. Let k=max{j;M'(mY](a;—a))<tM'(a)}. U k=max{j
M'(m3Y) (a,—~a))) <tM'(ta;)} it is clear that k< k. If k <k we only need
to prove that A, = A; and

( Z(a — k)>+kmM(tlk)+ Y. mM(ia,)

k+1
k
=M (m Y (a;,— /1,;)) +kmM(1Ag).
1
For k+1<j<k we have
j
M’ <m Y (a;— aj)) =tM'(1a))
1
then 4, =a,. Since 3/ (a,—a,)=3]"" (a,—a,) we obtain a;=4A;_, and so

Ag= o =lp=ag= - =ap, . |

Proof of Theorem 1. Without loss of generality we assume f=f* (this
simplifies the notation). We define the function F by

r) =" ([} 1) ~f ) )= () ). w0

This function F has the following properties
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LemMa 2. (a) F is left-continous for x>0 and there exists
F(O)=1lim, 4+ F(x)<O0.
(b) F is non-decreasing.
(¢) The set {xe[0,0); F(x)<0} is a compact subinterval, we will
denote by x, its maximum.

{d) There exists a unique solution of the equation

0

M ( er, (f—1) dx) — IM(12).

This solution denoted by A, is in the interval (0, x,].
(e) For the simple functions appearing in the preceding proposition
X, =kmand i =4,

Proof. Assertion (a) is a consegence of the dominated convergence
theorem. Part (b) can be deduced from the fact that if x' < x then

[u-ronass| v-rwnas

In order to show (c) we note that lim, . f(x)=0. If the interval
{x; F(x) <0} were not bounded, we would have

w ([ r=rena) < ([ r-rena)
<0 (f (),

whenever x> 1. Thus M'({;f) =0, which would imply f=0.
Since M’ is strictly increasing we have (d). Part {e) can be easily com-
puted. §

Next we go on with the proof of Theorem 1. For each ne N, let s, be the
simple function defined by

1 A
5, =f(§;> Lo+ Z S (5;) L= 1y, iy
i=2

It is obvious that s, / f almost elverywhere when # goes to oo (mere
precisely, im,, , ., 5,(x)=f(x) except at most in the discontinuity points of
f). Now we shall show that lim, x, = x, and lim, i, = 4, Given £¢>0 we
can choose natural numbers kg, #y in such a way that e =k,/2™ <n 2™
and x,—e<a<Xx,
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Since we may express a = k,/2" for every n 2 n, (k,e N) and f(a) = s,(a),
we have

M ( [ 5= s dx) <M’ ( N dx)
<IM(1f (a)) = tM"(15,(a))

for every n>ny. Hence x,—e<a<x,, if n2ny,. On the other hand, let
k,, n, be natural numbers so that x,< b =k,/2" < x,+ & The same reasons
as before imply s,(0) =f(b). Thus

M (f (f=f(®) dx) > IM'(1f (b)) = tM(15,(b)).

Since s, » f as n— o0, the monotone convergence theorem shows that

[ s ax— [ (r~rop ax.

Then for n large enough

M’ ( j: (s,—5,(b)) dx) > tM(13,(h))

and it concludes the proof of lim, x, = x,.
Now consider the functions

H()=M' ( [ (s, = A) dx> — M (1),
0
neN, and

H,()=M' (j:’ (f= 1) dx) — M(2h),

We recall that the sequence (4,)), is bounded (4, <s,(x,)=1(x,)). If 1
is a limit point of a convergent subsequence (4,,), of (4,,), we have

IHn'(llsn‘)_ Hf(;z)( < (Hn’(is,,r)_— Hf(j’sn')[
+ [ Hy(Ay,) — Hy(2)| ;=2 0

since H,—, H, uniformly on bounded intervals and lim, (§s,= (¥
Hence H/(1) =0, which implies 2= A,=1lim, 4,
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By combining these results and applying the monotone and dominated
convergence theorems we have shown that

lim @, y(s,) =M (j (f—h) dx> +] M) ax,
n 0 Q
where /1= 4,310 +fx[x/,oo)eLM. Thus @, (/) <lim, D, (5,). And we
end the proof by recalling that @ ,,(s,)< D@, () &

Remark. If we take for granted that the extremal decomposition is
obtained by horizontal slicing of the function we get our result in a much
simpler manner.

INTERPOLATION BETWEEN L? AND LY, p> 1

Now we assume that M satisfies (x),. In this case we will follow the same
procedure as before, although surprisingly the resuits we will obtain are
formally different. We are not able to obtain more explicit expression, even
for M=19 of the critical points which minimize the corresponding
infimum, but we are sure that the optimal decomposition does not
correspond to a horizontal slicing of the function. The theorem we shall
prove can be stated in the following way

TaeOREM 2. If fe L7 + LM, f5£0, there exists a unique non-increasing
non-negative function g€ L such that

(i) f*—gel™ 0<g(x)<Sf*(x), and
M(lgll,) _ M (f*(x)—g(x)
lely =t {E
Jor almost all x e supp f*,

(il) D,arltsf)=M(lgl,)+ [ M(t(f*~g))dx (f* is the left-con-
tinuous non-increasing rearrangement of ).

For M(x)=x? (¢g>p) we obtain
CoroLLARY 2. If fe LP+ L% 1 <p<g< o0, there exists a unigue non-
increasing non-negative function g e L? verifying
(1) f—gel’ 0<g(x)<f*(x), and

(f*(x) —glxp? "
glx)r~!

gl =1

almost everywhere on supp f*;

(i) K, (6f)=[5 fX/*—g)"" )"
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Proof of Corollary 2. The expression appearing in (i) is clear. In order
to show (ii) we note that

[ e A L F N S [
Thus

@, )= g+t [~ (=)~ Ll

= [t

Proof of Theorem 2. We begin by considering simple functions in the
same manner as before. If s=37a;x,, where a;> --- 24a,>0, 4/s are
pairwise disjoint with m(4,;)=m, 1 <i<n. It is again clear that

qu,M(S) = o inf l//(yla ey yn)ﬁ
<yisa
1<i<gn

where
31 s 1) = M((z my,’-’)l/p) ¥ z mM(t(a,~ ).

. 7 - b _
Slnce (alll/ayt)(yla veey 0+7 nees yn) < 0 and (a‘ll/ayl)(yb (] a; ERRLE yn) > 05
1 <i< n, the minimum of  is attained at an interior point of the compact
11510, a,1. ¥ §=(7,, .., ¥,) is such a point it verifies
M((X)mypD)'?) — M'(Ha;— 7))
Ximpp)' =yt

Now we shall prove that

1<isn (1)

() Fiz - 2P
(ii) The system (1) has only one solution.

For each a >0 we consider the strictly decreasing function h, defined by

M'(t(a—y))

ho(y)=1t o

s O<y<a.

Ifa>a >0 and 0_<y <a' we have h,(y)> h,(p), so (i) is easily verified.
Now suppose y=(J,, .., J,) is another solution of (1). If | 7|, < || |, then
ha(7:) <h,(y¥:), 1<i<n, because of the condition (x), imposed on M.
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This implies J,>p,, 1<i<n, which contradicts the assumption that

171, <Ipl,. Hence |7,=]rl, and so y,=J,, for all 1<i<n Conse-
quently (ii) is proved and we have just established the following

ProposSITION 2. Lets=3 a;) 4, 012 - 2a,>0, m(A)=m, 1 <i<n,
and the A]s pairwise disjoint. There exists a unique function g€ L such that

@pu(s)=Mhgl,)+ [ " M(t(s—g) dx.

Moreover, if xe supp s, 0< g(x) <s(x) and

M (llgll,) _ tM'(#(s(x) — &(x))
(F4{ gyt

{Obviously g =737 7,%4,» where (7,)] is the solution of the system (1).}

Suppose now f'is a non-increasing non-negative function in L? + L*. By
using the same arguments as in the proof of Theorem 1, there exists a
sequence of simple functions (s,), such that 0<s, 7 f [a.e.]. For each
neN let g, be the corresponding function associated to s, according to the
preceding proposition. For each a>0, consider again the function
ho(y)= 1M (t(a—))y? ", 0<y<a. Since h, g <A, o

M'(lg.li,)

hx,,(x)(gn(x)) = ”g ”p——l

fae]

and the same for s,,.,, we have that |g,l,>lg,..l, would imply
g.(x)<g,.(x) [ae.], which is not possible, so the sequence (] g,ll,}, is
non-decreasing. As also M(||g,ll,) < @, (% 5,) < P, (1, /) we know that
there exists C=lim,(M(/|g,ll,)/! gnH’,f‘l) < . Let x be such that f{x}> Q.
The equation 7, (y)=C has only one solution denoted by g(x) and
belonging to the open interval (0, f{x)). We wiil show that
lim, g,(x)=g(x) [a.e.], xesuppf. Suppose that f(x)=1im,s,(x) and fix
e>0. We can choose k, 0<k<g(x)—e satisfying hy,(y)<2g(x)
whenever y > k. Denoting 6 = min{/,(g(x) —¢&)— C, C—hy(g(x)+e}},
since M’ is uniformly continuous on [0, #(f{x}— k)], we have

]hf(x)(y) -~ hf,,(x)(y)] <d
if ye [k, f,(x)] and n is large enough. Thus
hioo([C =6, CI € (8(x) e, glx) +¢)

and hence g,(x) e (g(x)—e¢, g(x)+¢) for n=n,.



22 BASTERO AND RAYNAUD

The function gel” and |gll,<lim, | g,ll, <o since the g,’s are
obviously non-increasing. Fatou’s lemma shows that

[ Mt~ ) <tim | M(t(s,—g))
I\ n 0

=lim @, (2, s,) —~lim M(l|g,ll,)
<@, u(t1)—Mlgl,).

Then f—ge L™ and eventually
@yt = MUlgl) + | MU(/—g),

which concludes the proof of the theorem. [|

Remark: Corollary 1 has to be compared with the results of [NP],
where the usual K-functional is computed.

In this case the extremal decomposition is also obtained by horizontal
slicing of the function, but the cutting level is given by a different equation,
namely (when f* is continuous)

)| fre=frone.

If = g + h is the extremal decomposition, Nilson and Peetre’s result states
that 17{Al|, =t [|hl|,, while ours says that t* [[A], =gl ;.

The result of [NP] can easily be translated to the Orlicz space case
[L', L™7]. In this setting the relevant norm on L is the “Orlicz norm,”
not the ordinary one (“Luxemburg norm”), ie., the dual norm of the
Luxemburg norm associated to the Young conjugate function M* (see
[(LT]). Then

K(t; f)= il (lgly+2|hly)
g+h=f

is given by the formula

ki) = [ due [ 720 v ()

where P(1)=M* ~'(1) is the reciprocal of the derivative of M*, « is a
normalization factor (¥(x)=1), and x is defined by the equation

- (e

(when f* is continuous).
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